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An exact solution is given for the stress ﬁeld in a three-phase composite cylinder induced by a uniform heat ﬂow applied
at inﬁnity. Based on the method of analytical continuation in conjunction with the alternating technique, the general
expressions of the temperature and stress functions are derived explicitly in each medium of a three-phase composite cyl-
inder. It is discovered that the stress in the inclusion is always linearly proportional to the coordinate z. Comparison is
made with the special case of a two-phase composite cylinder, which shows that our results presented here are exact
and general.
 2006 Elsevier Ltd. All rights reserved.
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Determination of thermal stresses in multilayered composite materials has been an important topic over the
past few decades. In particular, it is needed for strong, tough, and suﬃciently stable multilayered composites
that can serve in high-temperature environments. Due to the inherent heterogeneous nature of layered com-
posites, the analysis of such materials becomes much more involved than that of homogeneous counterparts.
Early work by Florence and Goodier (1959, 1960) studied the thermoelastic problem for an isotropic medium
containing a circular or ovaloid hole by the method of Muskhelishvili (1953). Since then a number of the hole
or inclusion problems have received considerable interest such as Chen (1967) for orthotropic medium with an
elliptic hole based on the complex variable technique developed by Green and Zerna (1954), Hwu (1990) for
anisotropic body with an elliptic hole based on Stroh formalism (1958), Tarn and Wang (1993) for anisotropic
materials with a rigid inclusion based on Lekhnitskii complex potential approach (1953), Kattis and Meguid
(1995) for isotropic media with single inclusion by employing Laurent series expansion and the method of0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.05.028
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the technique of conformal mapping and the method of analytical continuation. All the aforementioned stud-
ies are limited to a hole or a two-phase composite under thermal loadings. As to the corresponding problems
with imperfect interfaces, a three-phase boundary problem with perfect interfaces can be transformed into a
two-phase problem with imperfect interface by letting the interphase thickness to zero (Benveniste et al., 1989;
Lipton, 1989; Benveniste, 1999; Hashin, 2001; Hashin, 2002). To the authors’ knowledge, there is no general
analytical solution for the corresponding problem associated with a three-phase composite cylinder.
In the present paper, we consider the problem of circularly cylindrical layered media in plane thermoelas-
ticity. The layers are coaxial cylinders of annular cross-sections with arbitrary radii and diﬀerent material
properties. The three-phase composite cylinder considered here can serve as an inclusion/interphase layer/
matrix model, in terms of which a lot of interesting mechanical and thermal coupling phenomena induced
by the interphase layer can be discovered. The proposed method is based on the technique of analytical con-
tinuation that is alternatively applied across the two concentric interfaces in order to derive the solution from
the corresponding homogeneous solution. The plan of this paper is as follows. The general formulation for
plane isotropic thermoelasticity is provided in Section 2. The general forms of the complex potentials of
the temperature and stress functions are derived in Sections 3 and 4, respectively. Numerical results and dis-
cussion are given in Section 5. Finally, Section 6 concludes the article.
2. Formulation of the problem
Consider an isotropic composite composed of three dissimilar materials bonded along two concentric inter-
faces as shown in Fig. 1. A far-ﬁeld uniform heat ﬂow causes a thermal stress distribution as a result of the
diﬀerent thermoelastic properties of a three-phase cylindrically concentric solid. For a two-dimensional heat
conduction problem, the resultant heat ﬂow Q and the temperature T can be expressed in terms of a single
complex potential g 0(z) asQ ¼
Z
ðq1 dx2  q2 dx1Þ ¼ k Im½g0ðzÞ ð1Þ
T ¼ Re½g0ðzÞ ð2Þ
where Re and Im denote the real part and imaginary part of the bracketed expression, respectively, and primes
denote diﬀerentiation with respect to z(z = x1 + ix2). The quantities q1, q2 in Eq. (1) are the components of
heat ﬂux in x1 and x2 direction, respectively, and k stands for the heat conductivity. Once the heat conduction
problem is solved, the temperature function g 0(z) is determined. For a two-dimensional theory of thermoelas-
ticity, the components of the displacement and traction force can be expressed in terms of two stress functions
and a temperature function as (Bogdanoﬀ, 1954)Fig. 1. A three-phase cylinder subjected to a remote uniform heat ﬂow.
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Z
g0ðzÞdz ð3Þ
 Y þ iX ¼ /ðzÞ þ z/0ðzÞ þ wðzÞ ð4Þ
where G is the shear modulus, j = 3  4m, b = (1 + m)a for plane strain and j = (3  m)/(1 + m), b = a for plane
stress with m being the Poisson’s ratio and a the thermal expansion coeﬃcient. Here a superimposed bar rep-
resents the complex conjugate. The stress components in polar coordinates are related to /(z) and w(z) by
Muskhelishvili (1953)rrr þ rhh ¼ 2½/0ðzÞ þ /0ðzÞ ð5Þ
rrr þ irrh ¼ /0ðzÞ þ /0ðzÞ  z/00ðzÞ þ zzw
0ðzÞ
h i
ð6ÞFor the problem associated with an isotropic elastic bimaterial, the stresses are found to depend on only
two non-dimensional Dundurs parameters (Dundurs, 1963, 1970)aab ¼ Gaðjb þ 1Þ  Gbðja þ 1ÞGaðjb þ 1Þ þ Gbðja þ 1Þ ; bab ¼
Gaðjb  1Þ  Gbðja  1Þ
Gaðjb þ 1Þ þ Gbðja þ 1Þ ð7Þwhere a and b refer to the two materials composing the bimaterial. Another pairs associated with the above
two parameters are deﬁned asKab ¼ aab þ bab
1 bab
; Pab ¼ aab  bab
1þ bab
ð8Þwhich will be used in our subsequent derivations for trimaterial problems.3. Temperature ﬁeld
To obtain the thermal potential h(z) = g 0(z) for a trimaterial subjected to a uniform heat ﬂow as shown in
Fig. 1, the alternating technique is applied.
Step 1: Analytical continuation across the interface L.
First, we regard regions Sa and Sb composed of the same material b and region Sc of material c. If h0(z)
represents a thermal potential for a singularity in an inﬁnite homogeneous plane, hc0(z) holomorphic in Sc
and h1(z) holomorphic in Sa [ Sb are introduced to satisfy the continuity conditions across L thath0ðqÞ þ h0ðqÞ þ hc0ðqÞ þ hc0ðqÞ ¼ h1ðqÞ þ h1ðqÞ ð9Þ
kc½h0ðqÞ  h0ðqÞ þ hc0ðqÞ  hc0ðqÞ ¼ kb½h1ðqÞ  h1ðqÞ ð10Þwhere q = beih.
By the standard analytical continuation arguments it follows thath0ðzÞ þ hc0 b
2
z
 
¼ h1ðzÞ z 2 Sa [ Sb ð11aÞ
h0
b2
z
 
þ hc0ðzÞ ¼ h1 b
2
z
 
z 2 Sc ð11bÞ
kc h0ðzÞ  hc0 b
2
z
  
¼ kbh1ðzÞ z 2 Sa [ Sb ð12aÞ
kc h0
b2
z
 
 hc0ðzÞ
 
¼ kbh1 b
2
z
 
z 2 Sc ð12bÞ
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hc0ðzÞ ¼ V bch0 b
2
z
 
z 2 Sc ð13bÞwhereUbc ¼ 2kcðkb þ kcÞ1
V bc ¼ ðkc  kbÞðkb þ kcÞ1
ð14ÞSince this result is based on the assumption that region Sa is made up of material b, it cannot satisfy the con-
tinuity conditions at the interface L*, which lies between material a and b.
Step 2: Analytical continuation across the interface L*.
We next assume that region Sa is composed of material a and regions Sb and Sc are regarded as made up of
the same material b. Additional terms hb1(z) holomorphic in Sb [ Sc and ha1(z) holomorphic in Sa are intro-
duced to satisfy the continuity conditions across the interface L* thatha1ðrÞ þ ha1ðrÞ ¼ h1ðrÞ þ h1ðrÞ þ hb1ðrÞ þ hb1ðrÞ ð15Þ
ka½ha1ðrÞ  ha1ðrÞ ¼ kbf½h1ðrÞ þ hb1ðrÞ  ½h1ðrÞ þ hb1ðrÞg ð16Þwhere r = aeih.
Based on the method of analytical continuation, we haveha1ðzÞ ¼ h1ðzÞ þ hb1 a
2
z
 
z 2 Sa ð17aÞ
ha1
a2
z
 
¼ h1 a
2
z
 
þ hb1ðzÞ z 2 Sb [ Sc ð17bÞ
kaha1ðzÞ ¼ kb h1ðzÞ  hb1 a
2
z
  
z 2 Sa ð18aÞ
kaha1
a2
z
 
¼ kb h1 a
2
z
 
 hb1ðzÞ
 
z 2 Sb [ Sc ð18bÞSolve Eqs. (17) and (18) to obtainha1ðzÞ ¼ Uabh1ðzÞ z 2 Sa ð19aÞ
hb1ðzÞ ¼ V abh1 a
2
z
 
z 2 Sb [ Sc ð19bÞwhere Uab and Vab are deﬁned in Eq. (15).
Since this result is based on the assumption that region Sc is made up of material b, it cannot satisfy the
continuity conditions at the interface L.
Step 3: Analytical continuation across the interface L:
We again assume regions Sa and Sb be made up of the same material b and region Sc of material c. Addi-
tional terms h2(z) holomorphic in Sa [ Sb and hc1(z) holomorphic in Sc are introduced to satisfy the continuity
conditions across the interface L thathb1ðqÞ þ hb1ðqÞ þ h2ðqÞ þ h2ðqÞ ¼ hc1ðqÞ þ hc1ðqÞ ð20Þ
kb½hb1ðqÞ  hb1ðqÞ þ h2ðqÞ  h2ðqÞ ¼ kc½hc1ðqÞ  hc1ðqÞ ð21ÞSimilarly, by the method of analytical continuation, we can ﬁndh2ðzÞ ¼ V cbhb1 b
2
z
 
z 2 Sa [ Sb ð22aÞ
hc1ðzÞ ¼ Ucbhb1ðzÞ z 2 Sc ð22bÞ
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Step 4: Repetition of steps 2 and 3.
The method of analytical continuation is repeatedly performed across the two interfaces to achieve the
additional terms han(z), hbn(z), hcn(z), hn+1(z), for n = 2,3,4 . . . . Consequently, one can ﬁnd the complete solu-
tion of h(z) ashðzÞ ¼
P1
n¼1
hanðzÞ z 2 Sa
P1
n¼1
hnðzÞ þ
P1
n¼1
hbnðzÞ z 2 Sb
h0ðzÞ þ hc0ðzÞ þ
P1
n¼1
hcnðzÞ z 2 Sc
8>>>><
>>>>:
ð23ÞBy expressing hc0(z) and han(z), hbn(z), hcn(z) (n = 1,2,3, . . .) in terms of h0(z), Eq. (23) becomeshðzÞ ¼
Uab
P1
n¼1
hnðzÞ z 2 Sa
P1
n¼1
hnðzÞ þ V ab
P1
n¼1
hn
a2
z
 
z 2 Sb
h0ðzÞ þ V bch0 b
2
z
 
þ UcbV ab
P1
n¼1
hn
a2
z
 
z 2 Sc
8>>>>><
>>>>>:
ð24Þwhere the recurrence formulae for hn(z) ishnþ1ðzÞ ¼
Ubch0ðzÞ n ¼ 0
V cbV abhn
a2
b2
z
 
n ¼ 1; 2; 3; . . .
8<
:Consider a remote uniform heat ﬂow with the temperature gradient s = q/k directed at an angle k with re-
spect to the positive x1-axis (see Fig. 1). The homogeneous h0(z) for the current problem can be trivially given
ash0ðzÞ ¼ seikz ð25Þ
Substitution of Eq. (25) into Eq. (24) yieldshðzÞ ¼
UabUbcseikz
1 a2
b2
V cbV ab
z 2 Sa
Ubcseikz
1 a2
b2
V cbV ab
þ V abUbcse
ik
1 a2
b2
V cbV ab
a2
z
2 Sb
seikzþ V bcseik b2z þ
UcbV abUbcseikz
1 a2
b2
V cbV ab
a2
z
2 Sc
8>>>>><
>>>>>:
ð26ÞBy letting the interphase thickness t = b  a to zero and with the heat conductivity kb tending to zero, Eq. (26)
reduces tohðzÞ ¼
kb
t
2aseikz
ka
z 2 Sa
seikzþ seik a
2
z
 kb
t
2seik
kc
a3
z
z 2 Sc
8><
>: ð27ÞAccording to this result, one can ﬁnd the normal component of the heat ﬂux is continuous at the interface,
whereas the temperature ﬁeld undergoes a discontinuity. When the interphase thickness t = b  a tends to zero
with the heat conductivity kb tending to inﬁnity, Eq. (26) reduces to
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2akcseikz
kbt
z 2 Sa
seikz seik a
2
z
þ 2kcse
ik
kbt
a3
z
z 2 Sc
8><
>: ð28ÞAccording to the above result, one can ﬁnd the temperature ﬁeld is continuous at the interface, whereas the
normal component of the heat ﬂux undergoes a discontinuity.
4. Stress functions
For a region bounded by a circle, say c = jzj, Eqs. (3), (4) and (6), respectively can be rewritten as2Gðuþ ivÞ ¼ j/ðzÞ  xðzÞ þ c
2
z
 z
 
/0ðzÞ þ 2Gb
Z
g0ðzÞdz ð29Þ
 Y þ iX ¼ /ðzÞ þ xðzÞ þ z c
2
z
 
/0ðzÞ ð30Þ
rrr þ irrh ¼ /0ðzÞ  zzx
0ðzÞ þ 1 c
2
zz
 
/0ðzÞ þ c
2
z
 z
 
/00ðzÞ ð31ÞwherexðzÞ ¼ c
2
z
/0ðzÞ þ wðzÞ ð32ÞIntegration of Eq. (26) with z yieldsgðzÞ ¼
UabUbcseik
1 a2
b2
V cbV ab
z2
2
z 2 Sa
Ubcseik
1 a2
b2
V cbV ab
z2
2
þ V abUbcse
ika2
1 a2
b2
V cbV ab
log z z 2 Sb
seikz2
2
þ V bcseikb2 log zþ UcbV abUbcse
ika2
1 a2
b2
V cbV ab
log z z 2 Sc
8>>>>><
>>>>>:
ð33ÞIn view of Eq. (31), to satisfy the single-valued conditions of traction and displacement, the stress functions
must have the form/ðzÞ ¼
/aaðzÞ þ
P1
n¼1
/anðzÞ z 2 Sa
M log zþ /baðzÞ þ /0ðzÞ þ
P1
n¼1
/nðzÞ þ
P1
n¼1
/bnðzÞ z 2 Sb
N log zþ /ccðzÞ þ /c0ðzÞ þ
P1
n¼1
/cnðzÞ z 2 Sc
8>>>><
>>>>:
ð34aÞ
xðzÞ ¼
xaaðzÞ þ
P1
n¼1
xanðzÞ z 2 Sa
M log za2 þ xbaðzÞ þ x0ðzÞ þ
P1
n¼1
xnðzÞ þ
P1
n¼1
xbnðzÞ z 2 Sb
N log z
b2
þM log b2a2 þ xccðzÞ þ xc0ðzÞ þ
P1
n¼1
xcnðzÞ z 2 Sc
8>>>><
>>>>:
ð34bÞwhere
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ikGbbba
2
ð1þ jbÞ 1 a2b2 V cbV ab
 
N ¼  2V bcse
ikGcbcb
2
ð1þ jcÞ 
2UcbV abUbcseikGcbca
2
ð1þ jcÞ 1 a2b2 V cbV ab
 Note that the singularity of the term logz appearing in the stress functions, Eq. (34), results from the logarith-
mic singularity of the temperature function, Eq. (33), induced by a uniform heat ﬂow.
The alternating technique and the analytical continuation method are applied to derive the unknown stress
functions as follows. First, we regard regions Sa and Sb composed of the same material b and region Sc of
material c. /ba(z) and xba(z) holomorphic in Sa [ Sb (except at z = 0), /cc(z) and xcc(z) holomorphic in Sc
are introduced to satisfy the continuity conditions that/baðqÞ þ xbaðqÞ ¼ /ccðqÞ þ xccðqÞ ð35aÞ
jb/baðqÞ  xbaðqÞ
2Gb
þ bbUbcse
ik
1 a2
b2
V cbV ab
q2
2
¼ jc/ccðqÞ  xccðqÞ
2Gc
þ bcse
ikq2
2
ð35bÞwhere q = beih.
By the standard analytical continuation arguments it follows that/baðzÞ  xcc
b2
z
 
þ Cbaz ¼ 0 z 2 Sa [ Sb ð36aÞ
/ccðzÞ  xba
b2
z
 
þ Cbaz ¼ 0 z 2 Sc ð36bÞ
jb
2Gb
/baðzÞ þ
bbUbc
ð1 a2
b2
V cbV abÞ
 bc
" #
seikz2
2
þ
xcc b
2
z
 
2Gc
 Cbaz
2Gb
¼ 0 z 2 Sa [ Sb ð37aÞ
jc/ccðzÞ
2Gc
þ
xba b
2
z
 
2Gb
 Cbaz
2Gb
¼ 0 z 2 Sc ð37bÞwhere Cba ¼ /0bað0Þ.
Solve Eqs. (36) and (37) to obtain/baðzÞ ¼
GbGc bc 1 a2b2 V cbV ab
 
 bbUbc
h i
seikz2
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  z 2 Sa [ Sb ð38aÞ
xbaðzÞ ¼ 0 z 2 Sa [ Sb ð38bÞ
/ccðzÞ ¼ 0 z 2 Sc ð39aÞ
xccðzÞ ¼
GbGc bc 1 a2b2 V cbV ab
 
 bbUbc
h i
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  b4seik
z2
z 2 Sc ð39bÞSince this result is based on the assumption that region Sa is made up of material b, it cannot satisfy the con-
tinuity condition across L*, which lies between material a and b.
Next, we assume region Sb and Sc be made up of the same material b and region Sa of material a. Addi-
tional terms /0(z) and x0(z) holomorphic in Sb [ Sc, /aa(z) and xaa(z) holomorphic in Sa (except at z = 0) are
introduced to satisfy the continuity conditions across L* as
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ja/aaðrÞ  xaaðrÞ
2Ga
þ ðbaUab  bbÞUbcse
ik
1 a2
b2
V cbV ab
r2
2
¼ jb½/0ðrÞ þ /baðrÞ  ½x0ðrÞ þ x
a
baðrÞ
2Gb
ð40bÞwhere xabaðzÞ ¼ xbaðzÞ þ a
2b2
z /
0
baðzÞ.
Based on the method of analytical continuation, we have/aaðzÞ  /baðzÞ  x0
a2
z
 
þ Caaz ¼ 0 z 2 Sa ð41aÞ
/0ðzÞ þ xaba
a2
z
 
 xaa a
2
z
 
þ Caaz ¼ 0 z 2 Sb [ Sc ð41bÞ
ja/aaðzÞ
2Ga

jb/baðzÞ  x0 a2z
 
2Gb
þ ðbaUab  bbÞUbcse
ik
1 a2
b2
V cbV ab
z2
2
 Caaz
2Ga
¼ 0 z 2 Sa ð42aÞ
jb/0ðzÞ  xaba a2z
 
2Gb
þ
xaa a
2
z
 
2Ga
 Caaz
2Ga
¼ 0 z 2 Sb [ Sc ð42bÞSolve Eqs. (41) and (42) to obtain/aaðzÞ ¼
ð1þ KabÞGbGc bc 1 a2b2 V cbV ab
 
 bbUbc
h i
seikz2
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  þ GaGbðbb  baUabÞUbcseikz2
ðjaGb þ GaÞ 1 a2b2 V cbV ab
  z 2 Sa ð43aÞ
xaaðzÞ ¼
2ð1þPabÞGbGcða2  b2Þ bc 1 a2b2 V cbV ab
 
 bbUbc
h i
seik
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  z 2 Sa ð43bÞ
/0ðzÞ ¼
2PabGbGcða2  b2Þ bc 1 a2b2 V cbV ab
 
 bbUbc
h i
seik
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  z 2 Sb [ Sc ð44aÞ
x0ðzÞ ¼
KabGbGc bc 1 a2b2 V cbV ab
 
 bbUbc
h i
seik
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  a4
z2
þ GaGbðbb  baUabÞUbcse
ik
ðjaGb þ GaÞ 1 a2b2 V cbV ab
  a4
z2
z 2 Sb [ Sc ð44bÞSince this result is based on the assumption that region Sc is made up of material b, it cannot satisfy the
continuity conditions across L. We again regard regions Sa and Sb composed of the same material b and
region Sc of material c. Additional terms /c0(z), xc0(z) holomorphic in Sc and /1(z), x1(z) holomorphic in
Sa [ Sb (except at z = 0) are introduced to satisfy the continuity conditions across L as/0ðqÞ þ xb0ðqÞ þ /1ðqÞ þ x1ðqÞ ¼ /c0ðqÞ þ xc0ðqÞ ð45Þ
1
Gb
½jb/0ðqÞ  xb0ðqÞ þ jb/1ðqÞ  x1ðqÞ ¼
1
Gc
½jc/c0ðqÞ  xc0ðqÞ ð46Þwhere xb0ðzÞ ¼ x0ðzÞ þ b
2a2
z /
0
0ðzÞ.
Using the standard analytical continuation arguments, it follows that/1ðzÞ þ xb0
b2
z
 
 xc0 b
2
z
 
þ C1z ¼ 0 z 2 Sa [ Sb ð47aÞ
/c0ðzÞ  /0ðzÞ  x1
b2
z
 
þ C1z ¼ 0 z 2 Sc ð47bÞ
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Gb
jb/1ðzÞ  xb0
b2
z
  
þ
xc0 b
2
z
 
Gc
 C1z
Gb
¼ 0 z 2 Sa [ Sb ð48aÞ
jc
Gc
/c0ðzÞ 
1
Gb
jb/0ðzÞ  x1
b2
z
  
 C1z
Gb
¼ 0 z 2 Sc ð48bÞwhere C1 ¼ /01ð0Þ.
Solve Eqs. (47) and (48) to obtain/1ðzÞ ¼ Pcbx0
b2
z
 
z 2 Sa [ Sb ð49aÞ
x1ðzÞ ¼ Kcb/0
b2
z
 
z 2 Sa [ Sb ð49bÞ
/c0ðzÞ ¼ ð1þ KcbÞ/0ðzÞ z 2 Sc ð50aÞ
xc0ðzÞ ¼ ð1þPcbÞx0ðzÞ z 2 Sc ð50bÞSince this result is based on the assumption that region Sa is made up of material b, it cannot satisfy the con-
tinuity condition across L*. We again regard regions Sb and Sc composed of the same material b and region Sa
of material a. Additional terms /a1(z), xa1(z) holomorphic in Sa (except at z = 0) and /b1(z), xb1(z) holomor-
phic in Sb [ Sc are introduced to satisfy the continuity conditions across L* as/a1ðrÞ þ xa1ðrÞ ¼ /1ðrÞ þ xa1ðrÞ þ /b1ðrÞ þ xb1ðrÞ ð51Þ
1
Ga
½ja/a1ðrÞ  xa1ðrÞ ¼
1
Gb
½jb/1ðrÞ  xa1ðrÞ þ jb/b1ðrÞ  xb1ðrÞ ð52Þwhere xa1ðzÞ ¼ x1ðzÞ þ a
2b2
z /
0
1ðzÞ.
Similarly, by the method of analytical continuation, we have/a1ðzÞ  /1ðzÞ  xb1
a2
z
 
þ Ca1z ¼ 0 z 2 Sa ð53aÞ
/b1ðzÞ þ xa1
a2
z
 
 xa1 a
2
z
 
þ Ca1z ¼ 0 z 2 Sb [ Sc ð53bÞ
ja
Ga
/a1ðzÞ 
1
Gb
jb/1ðzÞ  xb1
a2
z
  
 Ca1z
Ga
¼ 0 z 2 Sa ð54aÞ
1
Gb
jb/b1ðzÞ  xa1
a2
z
  
þ
xa1 a
2
z
 
Ga
 Ca1z
Ga
¼ 0 z 2 Sb [ Sc ð54bÞwhere Ca1 ¼ /0a1ð0Þ.
Solve Eqs. (53) and (54) to obtain/a1ðzÞ ¼ ð1þ KabÞ/1ðzÞ z 2 Sa ð55aÞ
xa1ðzÞ ¼ ð1þPabÞxa1ðzÞ z 2 Sa ð55bÞ
/b1ðzÞ ¼ Pabxa1
a2
z
 
z 2 Sb [ Sc ð56aÞ
xb1ðzÞ ¼ Kab/1
a2
z
 
z 2 Sb [ Sc ð56bÞThe analytical continuation method is alternatively applied across two interfaces to obtain the additional
terms /c1(z), xc1(z) and /an(z), xan(z), /bn(z), xbn(z), /cn(z), xcn(z), /n(z), xn(z)(n = 2,3,4, . . .). Finally, the
complete solution containing two inﬁnite arithmetic series with common ratios a
2
b2
V cbV ab and PcbKab a
4
b4
can
be obtained. Since these two common ratios are less than one, the two inﬁnite arithmetic series converges
to zero and the ﬁnal result is then simpliﬁed to
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GaGbðbb  baUabÞUbcseikz2
ðjaGb þ GaÞ 1 a2b2 V cbV ab
  þ ð1þ KabÞGbGc bc 1 a
2
b2
V cbV ab
 
 bbUbc
h i
seikz2
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  þ a4
b4
Pcbð1þ KabÞ
ð1PcbKab a4b4Þ
 GaGbðbb  baUabÞUbc
ðjaGb þ GaÞ 1 a2b2 V cbV ab
 þ KabGbGc bc 1 a
2
b2
V cbV ab
 
 bbUbc
h i
ðjbGc þ GbÞ 1 a2b2 V cbV ab
 
8<
:
9=
;seikz2 z 2 Sa
2V abUbcseikGbbba2
ð1þ jbÞ 1 a2b2 V cbV ab
  log zþ GbGc bc 1 a
2
b2
V cbV ab
 
 bbUbc
h i
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  seikz2
þ a
4=b4Pcbseikz2
1PcbKab a4b4
  GaGbðbb  baUabÞUbc
ðjaGb þ GaÞ 1 a2b2 V cbV ab
 þ KabGbGc bc 1 a
2
b2
V cbV ab
 
 bbUbc
h i
ðjbGc þ GbÞ 1 a2b2 V cbV ab
 
8<
:
9=
;
þ2Pabða2  b2Þe1seik þ d1 z 2 Sb
 2V bcse
ikGcbcb
2
ð1þ jcÞ þ
2UcbV abUbcseikGcbca
2
ð1þ jcÞ 1 a2b2 V cbV ab
 
2
4
3
5 log zþ ð1þ KcbÞd1 z 2 Sc
8>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>:
ð57aÞ
xðzÞ ¼
2ð1þPabÞða2  b2Þðe1 þPcb a4b4 e2Þseik
ð1PcbKaba4=b4Þ
þ ð1þPabÞd2 z 2 Sa
 2V abUbcse
ikGbbba
2
ð1þ jbÞ 1 a2b2 V cbV ab
  log z
a2
þ d2 þ 1
1PcbKab a4b4
 
 GaGbðbb  baUabÞUbc
ðjaGb þ GaÞ 1 a2b2 V cbV ab
 þ KabGbGc bc 1 a
2
b2
V cbV ab
 
 bbUbc
h i
ðjbGc þ GbÞ 1 a2b2 V cbV ab
 
8<
:
9=
;seik a
4
z2
z 2 Sb
 2V bcse
ikGcbcb
2
ð1þ jcÞ þ
2UcbV abUbcseikGcbca
2
ð1þ jcÞ 1 a2b2 V cbV ab
 
2
4
3
5 log z
b2
 2V abUbcse
ikGbbba
2
ð1þ jbÞ 1 a2b2 V cbV ab
  log b2
a2
þ
GbGc bc 1 a2b2 V cbV ab
 
 bbUbc
h i
ðjbGc þ GbÞ 1 a2b2 V cbV ab
  seik b4
z2
þ ð1þPcbÞð1PcbKab a4b4Þ
GaGbðbb  baUabÞUbc
ðjaGb þ GaÞ 1 a2b2 V cbV ab
 þ KabGbGc bc 1 a
2
b2
V cbV ab
 
 bbUbc
h i
ðjbGc þ GbÞ 1 a2b2 V cbV ab
 
8<
:
9=
;seik a
4
z2
z 2 Sc
8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:
ð57bÞwhered1 ¼ 2P
2
abKcbe1se
ik
1 KcbPab þ
2a4
b4
P2abKcbPcbða2  b2ÞðKabe1 þ e2Þseik
1 K2cbP2aba4=b4
þ 2a
4
b4
PabPcbða2  b2ÞðKabe1 þ e2Þseik
1 KcbPaba4=b4
d2 ¼ 2KcbPabse
ik
1 KcbPab þ
2PabKcbPcbða2  b2ÞðKabe1 þ e2Þseik
1 K2cbP2aba4=b4
e1 ¼
GbGc bc 1 a2b2 V cbV ab
 
 bbUbc
h i
ðjbGc þ GbÞ 1 a2b2 V cbV ab
 
e2 ¼ GaGbðbb  baUabÞUbc
ðjaGb þ GaÞ 1 a2b2 V cbV ab
 
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cylinder. It is interesting to see that the stress in the inclusion is always linearly proportional to the coordinate
z. For the special case that material a and material b are the same, Eq. (57) reduces to an exact solution of the
corresponding single inclusion problemFig. 2
ka/kb =/ðzÞ ¼
GbGc½bc  Ubcbb
ðjbGc þ GbÞ se
ikz2 z 2 Sb
2V bcseikGcbcb2
ð1þ jcÞ log z z 2 Sc
8>><
>>:
ð58aÞ
xðzÞ ¼
0 z 2 Sb
2V bcseikGcbcb2
ð1þ jcÞ log
z
b2
þ GbGcðbc  UbcbbÞse
ik
ðjbGc þ GbÞ
b4
z2
z 2 Sc
8<
: ð58bÞwhich is in agreement with the result of Chao and Shen (1997) for the corresponding problem associated with
a two-phase composite.
For the special case that material b and material c are the same, Eq. (57) reduces to an exact solution of the
corresponding single inclusion problem/ðzÞ ¼
GaGb½bb  Uabba
ðjaGb þ GaÞ se
ikz2 z 2 Sa
2V abseikGbbba2
ð1þ jbÞ log z z 2 Sb
8>><
>>:
ð59aÞ
xðzÞ ¼
0 z 2 Sa
2V abseikGbbba2
ð1þ jbÞ log
z
a2
þ GaGbðbb  UabbaÞse
ik
ðjaGb þ GaÞ
a4
z2
z 2 Sb
8<
: ð59bÞwhich is in agreement with the result of Chao and Shen (1997) for the corresponding problem associated with
a two-phase composite.
Similar to the previous approach, we can ﬁnd the stress ﬁelds for the limiting case when the interphase
thickness t = b  a tends to zero and with the heat conductivity kb tending to zero asx1/a
x 2
/a
-4.00 -3.00 -2.00 -1.00 0.00 1.00 2.00 3.00 4.00
-4.00
-3.00
-2.00
-1.00
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4.00
. Full-ﬁeld distribution of rrr/Gbsbbb for a three-phase cylinder subjected to a remote uniform heat ﬂow (Ga/Gb = Gc/Gb = 2,
kc/kb = 2, ba/bb = bc/bb = 2, ma = mb = mc = 0.3, k = 0, b/a = 2).
Fig. 3.
ka/kb =
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2GaGc
jaGc þ Ga
bc
2
 p1
a
ka
ba
 
seikz2 z 2 Sa
2bcGcse
ika2
ð1þ jcÞ p1
2a
kc
 1
 
log z z 2 Sc
8>><
>>:
ð60aÞ
xðzÞ ¼
0 z 2 Sa
2bcGca
2seik
ð1þ jcÞ p1
2a
kc
 1
 
log
z
a2
þ 2GaGcðjaGc þ GaÞ
bc
2
 p1
a
ka
ba
 
seika4
z2
z 2 Sc
8<
: ð60bÞwhere p1 ¼ Limkb!0;t!0 kbt
 	 ¼ const.
It is interesting to see that the stress in the inhomogeneity will vanish if there exists the relationship bc/ba =
2p1a/ka. Moreover, the stress in the inhomogeneity is independent of kc. On the other hand, we can also ﬁnd
the stress ﬁelds for another limiting case when the interphase thickness t = b  a tends to zero with the heat
conductivity kb tending to inﬁnity as/ðzÞ ¼
2GaGc
ðjaGc þ GaÞ
bc
2
 akc
p2
ba
 
seikz2 z 2 Sa
2bcGca
2seik
ð1þ jcÞ 1
2akc
p2
 
log z z 2 Sc
8>><
>>:
ð61aÞ
xðzÞ ¼
0 z 2 Sa
2bcGca
2seik
ð1þ jcÞ 1
2akc
p2
 
log
z
a2
þ 2GaGcðjaGc þ GaÞ
bc
2
 akc
p2
ba
 
seika4
z2
z 2 Sc
8<
: ð61bÞwhere p2 ¼ Limkb!1;t!0ðtkbÞ ¼ const.
It is interesting to see that the stress in the inhomogeneity will vanish if there exists the relationship
bc/ba = 2akc/p2. Moreover, the stress in the inhomogeneity is dependent of kc.
5. Results and discussion
Both the thermal potentials as indicated in Eq. (26) and stress functions as indicated in Eq. (57) are
expressed in a closed form. Therefore, it is easy to ﬁnd the full ﬁeld distributions for rrr and rrh as displayedx1/a
x 2
/a
-4.00 -3.00 -2.00 -1.00 0.00 1.00 2.00 3.00 4.00
-4.00
-3.00
-2.00
-1.00
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Full-ﬁeld distribution of rrh/Gbsbbb for a three-phase cylinder subjected to a remote uniform heat ﬂow (Ga/Gb = Gc/Gb = 2,
kc/kb = 2, ba/bb = bc/bb = 2, ma = mb = mc = 0.3, k = 0, b/a = 2).
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that a uniform heat ﬂow is approached from the negative x1-axis. The angular variations of the interfacial nor-
mal stress and interfacial shear stress between material b and material c for diﬀerent shear modulus combina-
tions are shown in Figs. 4 and 5, respectively. It can be observed that the interfacial stresses increase with the
diﬀerence of the shear modulus of the neighboring materials. Furthermore, it is evident that the maximum
compressive (or tensile) stress occurs around the location having a higher (or lower) temperature. Figs. 6
and 7 show the strong dependence of the thermal moduli on the interfacial stresses between material b and
material c. It is clear that both the interfacial normal and shear stresses increase with the diﬀerence of the0 60 120 180 240 300 360
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Fig. 5. Angular variations of the interfacial shear stress between material b and c of a three-phase cylinder subjected to a remote uniform
heat ﬂow (ba/bb = bc/bb = 2, ka/kb = kc/kb = 2, ma = mb = mc = 0.3, k = 0, b/a = 2).
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Fig. 4. Angular variations of the interfacial normal stress between material b and c of a three-phase cylinder subjected to a remote uniform
heat ﬂow (ba/bb = bc/bb = 2, ka/kb = kc/kb = 2, ma = mb = mc = 0.3, k = 0, b/a = 2).
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Fig. 7. Angular variations of the interfacial shear stress between material b and c of a three-phase cylinder subjected to a remote uniform
heat ﬂow (Ga/Gb = Gc/Gb = 2, ka/kb = kc/kb = 2, ma = mb = mc = 0.3, k = 0
, b/a = 2).
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Fig. 6. Angular variations of the interfacial normal stress between material b and c of a three-phase cylinder subjected to a remote uniform
heat ﬂow (Ga/Gb = Gc/Gb = 2, ka/kb = kc/kb = 2, ma = mb = mc = 0.3, k = 0, b/a = 2).
C.K. Chao et al. / International Journal of Solids and Structures 44 (2007) 926–940 939thermal modulus of the neighboring materials. Based on the above ﬁndings, we conclude that the interfacial
stresses of the current system can be reduced signiﬁcantly if the thermal expansion coeﬃcient of an interme-
diate layer is between that of the inclusion and the matrix.
6. Conclusion
A general analytical solution for an isotropic three-phase circularly cylindrical solid interacted with a
remote heat ﬂow is provided in this paper. Based on the method of analytical continuation and the alternating
technique, the solution associated with the heterogeneous problem is sought as transformation on the solution
940 C.K. Chao et al. / International Journal of Solids and Structures 44 (2007‘) 926–940to the corresponding homogeneous problem. Consequently, the present solution procedures can be further
extended to the corresponding problem consisting of any number of layered medium. It is interesting to see
that the stresses in the inclusion are found to be linear functions of the coordinate z. The interfacial stresses
for the present three-phase composite cylinder can be reduced signiﬁcantly as the thermal expansion coeﬃcient
of an interphase layer is between that of the inclusion and the matrix.
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